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Quantum state is an element of a vector space
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Basis states are orthonormal

Normalization
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ﬁobal phase is irrelevant

a = |a|exp(idr)
B = |5|exp(igz)

\ ¢ = P2 — P1

These two state vectors are the same for all purposes \
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but relative phase mattery




Linear operators map a vector space on itself

mnear operator acts on a vector to produce a new vector
LIV} = aL|0) +AL[L) (L)) = (w|if
(U|L = (0|La* + (1| L3*

Operators are specified by acting on (any) basis states

L|0) = Lo|0) + Lo1|1), L|1) = L10]0) + Lq1|1)
Loo = (O|L|0) Lgy = (1|L]0)

Matrix elements N N
Lo = (0|L|1) Li; = (1|L|1)

o = (e 1) (5)

Tt _— (A% Q% L 01
N ) (e ) Y,

mermitian operators represent physical observables through their

It =17 eigenvalues and eigenvectors
L 0r) = Ao|OL) real A\g = A5, A1 = A]
L 1) = A|11) orthogonal (0p|1z) =0
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Pauli operators generate all unitary and hermitian operators

Computational basis Eigenbasis Changing between the basis
Global phase does not matter!
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Visualizing single qubit states on the Bloch sphere
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Geometric link between a hermitian operator and its eigenstates

ﬂ)irection vector: &= (wg,wy,w:) X

W, = wcosf
Wy =wsinfcosp w = \/%2; + w; + w2

W, = wsin 0 sin ¢

K Hermitian operator: Q = w, X +w,Y szAj
> KQ ( cos ¢ exp(—1¢) sin 9) \
exp
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0 N
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0 , 0
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Unitary operators correspond to rotations in the Bloch sphere

General unitary: R = exp(—i{t/2) W = (Wg, Wy, W)
O =w, X +w,Y +w.Z w:\/w§+w§+w§

EAigenstates basis R\ X \I!> _ exp(—iwt/2)| n \I!>
Q £ 0) = +w| + ) ) |
R| — U) = exp(+iwt/2)| — U)

ﬁomputational basis \

0) = ao| +U) + Bo| — ¥)  R|0) = ap| + U) + By exp(+iwt)| — )
Kl = Bo| +¥) — | — ¥) R|1>:53\+\p>—agexp(+m)|—9

M R rotates any state by angle wt around the axis of w




Unitary operators correspond to rotations in the Bloch sphere

General unitary: R = exp(—i{t/2) W = (Wg, Wy, W)
O =w, X +w,Y +w.Z w:\/w§+w§+w§

Eigenstates basi - .
6 =) \] Algens ates pasis R\ 1 \I!> _ exp(—zwt/2)| 4 \I!>
- Q|+ ) = +w| + T) )
R| — V) = exp(+iwt/2)| — ¥)

ﬁomputational basis \

0) = ao| +U) + Bo| — ¥)  R|0) = ap| + U) + By exp(+iwt)| — )
\ \ D =51+¥) —af|-¥) RI1>=63\+\P>—a8exp(+iwt)|—y

M R rotates any state by angle wt around the axis of w

Basis change is like tilting your head



Time-evolution of qubit states is set by the Schrodinger equation
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Quantum measurement: qubit is a unit-length arrow, on average!

JUST MATH
Define a direction & = (ws,wy,w,) W= \/wg + w2 + w?

1)

To find out mean values,
we must have many
qubits prepared in the
same initial state...

Define a hermitian “projection”operator W, = W cos 0
Q:wx)z_|_wy§7_|_w22 Wy = wsinf cos ¢
Q:w|_|_\p><_|_\p|_w‘_qj><_\m wy:wSHl@Slngp
Eigenstates: |+ ¥) Eigenvalues: -

CRAZY WORLD WE LIVE IN

ALLOWED QUERY: Reading + w with probability |(+¥|¢)]?

Qubit state reset to | + W)
qubit in state [¢), 7€ .
Reading — w with probability [(—W¥|)]?

Qubit state reset to | — U)

(+0]X] + 0), (+0[V| + ), (+9]Z] + W) ) = G/u
((~w[X]| = W), (~0|V] - ¥), (-



Rabi oscillations in a periodically-driven qubit

“Laboratory” frame \ 0) Turn off the brain, duly solve in QuTip in the lab frame
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Rabi oscillations in a periodically-driven qubit

“Laboratory” frame \ 0)
o10) what really happens
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Resonance drive: A = 0 Q\g\%& = 9
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